Abstract. We prove the Hyers-Ulam stability for trigonometric type functional inequalities in restricted domains with time variables. As consequences of the result we obtain asymptotic behaviors of the inequalities and stability of related functional inequalities in almost everywhere sense.
Introduction
The stability problem of functional equations was originated by S.M. Ulam who released a question concerning the approximate homomorphisms from a group to a metric group (see [26, 27] ) and a partial solution was given by D.H. Hyers [11, 10] . After the result of Hyers, T. Aoki [1] and D.G. Bourgin [3, 4] treated with this problem in 1950-1951 and there was no touch of these results until 1978 when Th.M. Rassias [19] treated again with the inequality of Aoki [1] . Following the Rassias' result a great number of papers on the subject have been published concerning numerous functional equations in various directions [5, 6, 7, 8, 9, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 25] . Among the results, stability problems in restricted domains were investigated by F. Skof [22] , S.-M. Jung [12] , J.M. Rassias and M.J. Rassias [16] . While studying the stability of trigonometric functional equations [23] in the spaces of distributions [7] one comes across the following functional inequality with time variables ( 
1.1) |f (x + y, t + s) − f (x, t)α(y, s) − α(x, t)f (y, s)| ≤ ,
for all x, y ∈ R n , t, s > 0, where α : R n × (0, ∞) → C is a bounded exponential function. Let X be a real normed space, S a semigroup, f : X × S → C, , M > 0 in the restricted domain x+y ≥ M when α is an unbounded exponential function, and that of the inequality
As consequences of the results we obtain the asymptotic behavior of f satisfying lim sup
for some positive constant M when α is an unbounded exponential function, and that of f :
when α is a bounded exponential function. Also we obtain the stability of the inequality
for almost every (x, y) ∈ R 2n .
Stability of Trigonometric Type Functional Equations
Throughout this paper we denote by G a group, S a semigroup, X a real normed space, and Y a Banach space. A function A : S → C is said to be an additive function provided that A(x + y) = A(x) + A(y) for all x, y ∈ S and m : S → C is said to be an exponential function provided that m(
We consider the stability of the functional inequality
for all x, y ∈ X, t, s ∈ S with x + y ≥ M when α : X × S → C is an unbounded exponential function, and that of the functional inequality
for all x, y ∈ X, t, s ∈ S with x + y ≥ M when α : X × S → C is a nonzero bounded exponential function.
Throughout this paper we impose the condition on the semigroup S; for any t 1 , t 2 ∈ S there exist a positive integer k and t 0 ∈ S such that
For example, S = (0, ∞) has the property. We denote N the set of positive integers. 
Proof. If α(x 1 , t 1 ) = 0 for some x 1 ∈ G, t 1 ∈ S, then for given x ∈ G, t ∈ S, choosing a positive integer k and t 0 ∈ S such that kt = t 1 + t 0 we have
Since α a nonzero exponential function we have α(
Then we have
Thus m is independent of t ∈ S and we can write m(x, t) := m 1 (x). Now we have
for all positive integers k and t ∈ S. Thus we have |m 1 (x)| = 1 and |m 2 (t)| ≤ 1 for all x ∈ G, t ∈ S. This completes the proof.
We first consider the stability of (2.1).
1). Then there exists an additive function
Proof. By Lemma 2.1, α(x, t) = 0 for all x ∈ X, t ∈ S. Dividing |α(x + y, t + s)| in both sides of (2.1), letting A(
for all x, y ∈ X, t, s ∈ S with x + y ≥ M . Since α is unbounded we can choose
For given x, y ∈ X, t, s ∈ S, choose a positive integer k 0 such that
, using the triangle inequality we have
for all x, y ∈ X, t, s ∈ S. This completes the proof.
For the stability of (2.2) we need the following.
for all x, y ∈ G, t, s ∈ S. Then there exists an additive functions A :
Proof. Replacing s by t and putting y = 0 in (2.7) we have
for all x ∈ G, t ∈ S. Replacing t by s and x by y in (2.9) we have
for all y ∈ G, s > 0. Using the triangle inequality with the inequalities (2.7), (2.9) and (2.10) we have
s)+ψ(t, t)+ψ(s, s)
for all x, y ∈ G, t, s ∈ S. Replacing y by x and s by t in (2.11) we have
for all x ∈ G, t ∈ S. Fixing t ∈ S, replacing x by 2 k−1 x in (2.12) and dividing 2 k we have
for all x ∈ G, t ∈ S. For given positive integers n, m, putting k = n, n + 1, . . . , n + m in (2.13), summing up the results and using the triangle inequality, we can see that A n (x, t) := 2 −n f (2 n x, 2t), n = 1, 2, 3, . . . , is a Cauchy sequence and A(x, t) := lim n→∞ A n (x, t) exists. Replacing x, y by 2 n x, 2 n y, respectively in (2.11), diving 2 n and letting n → ∞ we have (2.14)
for all x, y ∈ G, t, s ∈ S. Letting x = y = 0 and replacing s by t in (2.14) we have A(0, 2t) = 0 for all t ∈ S. Thus, putting y = 0 in (2.14) we have
Putting x = 0 and replacing y by x in (2.14) we have
From (2.15) and (2.16) A(x, 2t) is independent of t ∈ S and we write A(x, 2t) := A(x). Putting k = 1, 2, . . . , n in (2.13), using the triangle inequality and letting n → ∞ we have
for all x ∈ G, t ∈ S. This completes the proof. 
Proof. Dividing |α(x + y, t + s)| in both sides of (2.18) and letting
for all x, y ∈ G, t, s ∈ S. Using Lemma 2.3 we have
for all x ∈ G, t ∈ S. Multiplying |α(x, 2t)| in both sides of (2.21) and using Lemma 2.1 we get (2.19) . This completes the proof.
Now we prove the stability of the inequality (2.2).
Theorem 2.5. Let f : X × S → C satisfy (2.2). Then there exists an additive function
Proof. Dividing |α(x + y, t + s)| in both sides of (2.2), using Lemma 2.1 and letting
for all x, y ∈ X, t, s ∈ S with x + y ≥ M . For given x, y ∈ X, t, s ∈ S, choose a z ∈ X such that
Using the triangle inequality and (2.23) we have
for all x, y ∈ X, t, s ∈ S. Using Lemma 2.3 we have
for all x ∈ X, t ∈ S. Multiplying |α(x, 2t)| in both sides of (2.25) we have
This completes the proof.
Corollary 2.6. Let f, α : X × (0, ∞) → C with α a nonzero bounded exponential function. Suppose that there exist nonnegative real numbers and M such that (2.26) |f (x + y, t + s) − f (x, t)α(y, s) − α(x, t)f (y, s)| ≤ for all x, y ∈ X, t, s > 0 with x + y ≥ M . Then there exists an additive functions
for all x ∈ X, t > 0.
Proof. As in the proof of Theorem 2.5, letting g(x, t)
for all x, y ∈ X, t, s > 0 with x + y ≥ M . For given x, y ∈ X, t, s ∈ S, choose a z ∈ X such that
Using the triangle inequality and (2.28) we have
for all x, y ∈ X, t, s, r > 0. Using Lemma 2.3 we have
for all x ∈ X, t > 0 and r > 0. Multiplying |α(x, 2t)| in both sides of (2.30) we have
In view of Lemma 2.1, for each t > s > 0 we have
Thus |m 2 (t)| −1 is decreasing as t → 0 + and hence lim t→0 |m 2 (t)| := γ exists. Now γ = lim t→0 |m 2 (t)| = lim t→0 |m 2 (t/2)| 2 = γ 2 , which implies γ = 1. Letting r → 0 + in the right hand side of (2.31) we get (2.27 ). This completes the proof.
Asymptotic Behaviors
In this section we consider asymptotic behavior of f : X × S → C satisfying lim sup
when α is bounded exponential.
Using the idea of Theorem 2.2 we have the following.
for all x ∈ X, t ∈ S.
Proof. From the condition (3.1) there exists d > 0 such that
for all x, y ∈ X, t, s ∈ S with x + y ≥ d. Now using Theorem 2.2 we obtain that
for all x, y ∈ X, t, s ∈ S, where A(x, t) = f (x, t)α(x, t) −1 . This completes the proof.
Remark. The author guesses that the Theorem 3.1 can be refined as follows:
for some nonnegative function Ψ(x, t, s), then f has the form (3.3).
Using Theorem 2.5 we obtain the following.
2). Then there exists an additive functions
Proof. From the condition (3.2), for each positive integers n there exists d n > 0 such that (3.6) |f
for all x ∈ X, t ∈ S. Replacing n by another positive integer m in (3.9) and using the triangle inequality we have
for all x ∈ X, t ∈ S. Dividing |α(x, 2t)| in both sides of (3.10) and using Lemma 2.1 we have
for all x ∈ X, t ∈ S, where m 2 is an exponential function on S. Since A is additive we have
for all x ∈ X, t ∈ S and positive integers k. Letting k → ∞ in (3.12) we have A n = A m for all positive integers n, m. Finally, letting n → ∞ in (3.9) we get the result.
Stabilities in Almost Everywhere Sense
Let f be a Lebesgue measurable function on R n satisfying the inequality; for every > 0 there exists C > 0 such that
for all x ∈ R n . The function satisfying (4.1) is said to be an infra-exponential function of order 2. We denote by E t be the n-dimensional heat kernel [28] given by,
For every infra-exponential function f of order 2, the convolution with the heat kernel
is well defined and is a smooth solution of the heat equation (∂/∂ t − ∆)F = 0 in {(x, t) : x ∈ R n , t > 0} and f * E t (x) → f (x) as t → 0 + for almost every x ∈ R n . We call f * E t (x) the Gauss transform of f . From now on we denote by Ω a subset of R 2n with the Lebesgue measure m(R 2n \ Ω) = 0. Let c = (c 1 , . . . , c n ) ∈ C n with c j = 0 for some j = 1, 2, . . . , n and ψ : R n → [0, ∞) an infra-exponential function of order 2. Suppose that f : R n → C be an infra-exponential function of order 2 satisfying
for all (x, y) ∈ Ω. Then there exists a ∈ C n such that
Proof. Multiplying E t (ξ − x)E s (η − y) in both sides of (4.2) and integrating the result with respect to x and y we have
for all ξ, η ∈ R n , where
Using Theorem 2.2 we have 
is given by
Thus we have Letting t → 0 + in (4.5) we get the result. Proof. Multiplying E t (ξ − x)E s (η − y) in both sides of (4.6) and integrating the result with respect to x and y we have exists. Also it is well known that F (ξ, t) → f (ξ) as t → 0 + for almost every ξ ∈ R n . Letting t → 0 + in (4.5) so that F (0, t/2) → b/2 we get the result. This completes the proof.
